INTRODUCTION
A sequential machine is said to be k-lossless if k is the least integer such that the initial state and the first k outputs uniquely determine the initial input. A necessary and sufficient condition that a sequential machine is k-lossless is given by Even (1965) . Using his result it can be shown that the upper bound of k is ½n(n --1) + 1 for n-state machines, but a k-lossless machine satisfying this bound was not obtained. In this paper it will be shown that there exists an n-state sequential machine which meets the upper bound for any n.
A Mealy-type sequential machine M can be defined as a system consisting of S, X, Y, 3, and A, i.e., M = (S, X, Y, 3, )0, where S is the set of a finite number of states, i.e., S = {sl, s 2 .... , s~}; X is the set of a finite number of input symbols, i.e., X = {Xl, x~ ..... x~}; Y is the set of a finite number of output symbols, i.e., Y = {Yl, Y2 .... , y~}; and 8 is the next state function and A is the output function satisfying the following equations: (2) where s(t), x(t) and y(t) are the state, the input, and the output at time t (which is an integer). DEFINITION 1 [Huffman (1959)] . A sequential machine is said to be k-lossless if k is the least integer such that the initial state and the first k outputs uniquely determine the initial input; that is,
y(t) = A(s(t), x(t)),
If a serial connection of M and M' corresponds a delay line of length h, M' is said to be a quasi inverse of M of delay h. For any k-lossless machine M there exists a quasi inverse machine M' of delay h ~ k --1. A quasi inverse machine of delay 0 is said to be an inverse machine.
A sequential machine is said to be information lossless if every time the input sequence is determined by the initial state, the final state, and the output sequence. Obviously, a k-lossless machine is information lossless. However, it is known that there exists an information lossless sequential machine without any quasi inverse sequential machines [Huffman (1959) ].
THE UPPER AND LOWER BOUNDS OF h OF k-LosSLESS MACHINES
In this section the upper and lower bounds of k in n-state k-lossless machines are discussed. DEFINITION 2. The pair graph Go(M ) of the sequential machine M is composed of the following:
(1) A node for each unordered pair (si, s~) = (ss, st).
(2) If $(s,, x) --s~, ~(s~-, x') = sn, h(s,, x) = y, and A(sj, x') =y, where x and x' may be identical, there is a directed arc from the node (si, st) to the node (s~, sh). [Even (1965) ].
THEOREM 3. A sequential machine M is information lossless if and only if the following conditions are satisfied
(1) For any h, define a pair of states (sih , sjh) , where sin ~ sjh are defined for every s~ such that [Even (1965) ]:
(1) M is information lossless.
(2) The graph Go(M ) contains no directed circuits and the longest directed path contains k --1 nodes.
As there are ½n(n --1) nodes in Go(M ) for n-state machine M, the follow in~, corollary is obtained. We can show that these bounds are tight by constructing such machines.
THrOP~M 6. For any n there exists a {½n(n-1)+ 1}-lossless n-state sequential machine with 3 input symbols and 6 output symbols.
Proof. We show that the machine M defined by Table I 
there exists no edge from any node (i, j) (i ~ j) to any node of repeated states. Thus, the machine M is information lossless. The remaining parts of the proof are as follows:
(1) There exists a path containing all nodes and initiated from node 
This type of edges connects nodes as (i,j) -+ (i + 1,j + 1)
The number of edges of this type is This type of edges connects nodes as
The number of edges of [II-a] is (i < j < n). We can show that any n-state k-lossless sequential machine satisfying tile upper bound of k is a minimal machine.
Assume that there exists an n-state k-lossless sequential machine satisfying the upper bound of k which is not minimal; then we can obtain an equivalent n'-state sequential machine (n' < n). As these two machines realize the same input-output relation, both are {½n(n --1) @ 1}-lossless. Thus there exists an n'-state {½n(n --1) + 1}-lossless sequential machine, which contradicts to (4).
For the lower bound, it is obvious that for any positive integers n, p and q (q ~ p), there exists a minimal n-state 1-1ossless sequential machine with p input symbols and q output symbols. The following machine is one example: Let {B1, B 2 ,..., B~} be a partition on I7. The next-state function is defined as follows:
x ~ x, s.1 = ~(,~, x), ,1 = ~(~, x).
There exist only one state s~ and two inputs xj and xk satisfying 2t(si , x)) E B~ , h(si , x~) ~ B~ .
